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Abstract
We give the geralized expression of spin precession of extended bunch particles having
both anomalous magnetic and electric dipole moments in storage ring. The transversal
betatron oscillation formula of the bunch is also given. The latter is the generalization of the
Farley’s pitch correction [1], including radial oscillation as well as vertical one. Some useful
formulae for muon storage ring are discussed in appendix.
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1 Introduction
The detailed analyses of spin precession of particles in storage ring are essentially important for
the measurement of anomalous magnetic dipole moment (anomalous MDM or g−2) and electric
dipole moment (EDM) of those particles. The accelerated particles enter into the storage ring
(in x-direction) in bunch , which have not only some transversal size (y, z-plane) but also energy
width. These transversal and energetic extents in constant vertical (z-direction) magnetic field
cause the transversal and longitudinal oscillations (x-direction) around the horizontal circular
motion, respectively. These oscillations are called betatron oscillations. In this letter, we discuss
the transversal oscillation. Corresponding to this, spin precession formula is generalized to
invoke the bunch profile. Pitch correction needs also generalization of the Farley’s correction
which discussed only vertical oscillation. This paper is organized as follows. In section 2, we
discuss on the generalized Thomas-Bargman-Michel-Telegdi (BMT) equation. ”generalized” has
the duplicate meaning that particles have permanent EDM as well as anomalous MDM and that
particles have the transversally extended profile, reflecting the realistic experiments. Transversal
betatron oscillation is dicscussed in section 3.
2 Generalized BMT equation of extended bunch particles
Before the arguments of bunch particles, we make a brief comment on the BMT equation [2, 3] of
a particle. In the previous paper we generalized the BMT equation in the presence of permanent
EDM [4]. The resulting angular velocity of spin precession is
Ωs = − e
m
[(
a+
1
γ
)
B− γa
γ + 1
(v ·B)v −
(
a+
1
γ + 1
)
v×E
+
η
2
(
E− γ
γ + 1
(v ·E)v + v ×B
)]
(1)
in ~ = c = 1 units. Here a = g−2
2
and g and η are defined as g = 2µm/(es), η = 2dm/(es).
Here we consider the case s = 1/2 and use the system of units c = ~ = 1 except for the concrete
numerical estimation case. This equation itself has been known before our work using the dual
transformation
B→ E, E→ −B, and a→ η/2 (2)
However, it is not so simple. Indeed, in its factor some ambiguity had appeared [5, 6] and there
is the famous ”Thomas half” problem even in the normal magnetic moment. This equation
should have been derived explicitly as was done in [4].
Since it is very useful for the systematic derivation of the final results of the present letter,
we give more comments on a spin precession of a particle. One usually considers the spin motion
relative to the beam direction. The beam motion obeys
dv
dt
=
e
mγ
[E+ v ×B− v(v · E)] , dǫ
dt
= ev ·E, (3)
1
and rewrites Eq.(3) in terms of the unit vector in direction of the velocity (momentum), N =
v/v = p/p:
dN
dt
=
v˙
v
− v
v3
(v · v˙) = Ωp ×N, Ωp = e
mγ
(
N×E
v
−B
)
, (4)
where Ωp is the angular velocity of rotation of the velocity, momentum, and beam directions.
Thus, the angular velocity of the spin rotation relative to the beam direction (prticle rest frame)
is given by
Ω′ = Ωs−Ωp = − e
m
[
aB− γa
γ + 1
(v ·B)v −
(
a− 1
γ2 − 1
)
v×E+ η
2
(
E− γ
γ + 1
(v · E)v + v ×B
)]
.
(5)
This is suitable in the Frenet-Serret coordinate system. On the other hand, it may be more
useful to use the cylindrical coordinate in the case of the storage rings, where particles move in
horizontal plane on average and the deviation from it is approximated small (Fig.1).
Figure 1: The configuration of betatron oscillation. x(e1), y(e2) coordinates are those projected
on the averaged plane (horizontal place) of the storage ring. z is vertical to the horizontal plane.
v is the muon velocity (emphasized to see the small pitch correction) which has both y, z
components with main x component.
In this frame,
de1
dx
= −e2
ρ
,
de2
dx
=
e1
ρ
,
de3
dx
= 0. (6)
Here e1 is the tangential unit vector (x-component) to the beam’s averaged circular motion in
the horizontal plane (spanned by x,y coordinates), e2 is the radial unit vector (y-component) in
the horizontal plane and e3 is the vertical unit vector (z-component) to the horizontal plane. ρ
is the radius of the averaged circle and
1
ρ
=
∣∣∣∣ eBzγmvx
∣∣∣∣ =
∣∣∣∣ eBzγmv
∣∣∣∣+O(ǫ). (7)
Here we proceed to the bunch particles whose position r at injection point at x = 0 is given by
r = (ρ+ y)e2 + ze3. (8)
2
Thus beam has the initially (y,z) cross section relative to the averaged beam line.
In this set-up, it is more suitable to consider [7],
Ω = Ωs −Ωpz = − e
m
[
aB− aγ
γ + 1
(v ·B)v +
(
1
γ2 − 1 − a
)
(v ×E) + 1
γ
(
B‖ −
1
v2
(v ×E)‖
)
+
η
2
(
E− γ
γ + 1
v(v ·E) + (v ×B)
)]
. (9)
Here Ωpz is z-component of Ωp and suffix parallel indicates the projected vector onto the hori-
zontal space, that is, B = (B‖, Bz). So let us consider how Eq.(9) is expressed in these profile
[8].
v =
dr
dt
=
dx
dt
dr
dx
=
dx
dt
[(
1 +
y
ρ
)
e1 + y
′e2 + z
′e3
]
, (10)
where ′ indicates the derivative with respect to x. Therefore, the absolute value v of v is given
by
v =
dx
dt
√(
1 +
y
ρ
)2
+ y′2 + z′2 ≡ dx
dt
N . (11)
Hereafter, we consider the case in the absence of E as in the J-PARC muon g-2/EDM. That is,
setting E = 0 in (9), we obtain
ΩJ ≡ (Ωs −Ωpz) |E=0 = − e
m
[
aB− aγ
γ + 1
(v ·B)v + 1
γ
B‖ +
η
2
(v ×B)
]
. (12)
Here
v ·B = v
N
(
(1 +
y
ρ
)Bx + y
′By + z
′Bz
)
, (13)
v ×B = v
N
[(
y′Bz − z′By
)
e1 +
(
z′Bx − (1 + y
ρ
)Bz
)
e2 +
(
(1 +
y
ρ
)By − y′Bx
)
e3
]
.(14)
Substituting (13) and (14) into (12), we obtain
ΩJ = − e
m
[{
1
γ
(a+ 1)Bxe1 +
(
(a+
1
γ
)By − η
2
vBz
)
e2 +
(
aBz +
η
2
vBy
)
e3
}
−
{(
a(1− 1
γ
)(y′By + z
′Bz)− η
2
v(y′Bz − z′By)
)
e1 (15)
+
(
a(1− 1
γ
)(Bx + z
′Bz)y
′ +
vη
2
(z′Bx − y
ρ
)
)
e2 − a(1− 1
γ
)(Bx + z
′Bz)z
′e3
}]
.
The same type of equation is obtained in [8] in the absence of EDM. This equation is very
important for the experiments measuring anomalous MDM and EDM simultaneously.
3
3 Betatron oscillation
Transversal betatron oscilation equation is derived from the Lorentz equation for the particles
with given extent.
Lorentz equation is
γmv˙ = ev ×B. (16)
Here we assume weak magnetic focusing,
B = (0,
∂Bz
∂y
z,Bz +
∂Bz
∂y
y). (17)
We are considering the case E = 0 and v is conserved, that is,
dv
dt
=
d2x
dt2
N + N ′
(
dx
dt
)2
= 0. (18)
We assume y/ρ, z/ρ, y′, z′ are small quantities of same order ǫ and hereafter we take up to
O(ǫ2). Under these conditions, the particle acceleration is
dv
dt
≈ v2
(
1− 2y
ρ
)[
y′
ρ
e1 +
(
1 +
y
ρ
)(
y′′ − 1
ρ
)
e2 + z
′′e3
]
. ≈ v2
[
y′
ρ
e1 +
(
y”− 1
ρ
+
y
ρ2
)
e2 + z
′′e3
]
. (19)
Substiuting (14) and (19) into (16), we obtain
y′′ = −1− n(x)
ρ2(x)
y, (20)
z′′ = − n(x)
ρ(x)2
z. (21)
Here
n ≡ − ρ(x)
Bz(x, 0, 0)
∂Bz(x, 0, 0)
∂y
|y=0= −eρ
2
p
∂Bz
∂y
. (22)
It follows from (20) and (21) that 1 > n > 0 must hold for focusing. Thus we obtain the
transversal betatron oscillation for the given initial extent of bunch beam. The detailed analyses
of the experimental situation are discussed in a separate form.
4
4 Discussions
We have discussed on the spin precession of particles having both anomamalous MDM and EDM
in a storage ring. This is the generalization of [4] to bunch particles having some transversal
extent. Also we have obtained the transversal betatron oscillations for the same objects. These
are very useful for the ongoing and near future experiments measuring anomalous MDM and
EDM simultaneously. For the muon storage ring the observed particles are decayed positrons
and we give useful formula for it in appendix A, which gives the relation between the muon spin
direction and decayed positron’s direction. So far we have treated particles as classical ones.
We show in appendix B that it is suitable.
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A Muon decay
Muon (µ+) decay ratio,
µ+ → e+ + νe + ν,µ (23)
is given by [9]
dw =
G2Fm
5
µ
768π4
(1 + ζe · ne)
[(
3− 2 ǫe
ǫmax
)
− ζµ · ne
(
1− 2 ǫe
ǫmax
)]
ǫ2edǫedon
ǫ3max
(24)
with
1 + ζe · ne = 2. (25)
Here ǫe is the energy of decayed positron and ǫmax ≈ mµ/2 is the maximal energy of positron.
ne is the unit direction vector of positron.
B Synchrotron radiation
Let us consider backgroud in muon storage ring. Since the distribution function of synchrotron
radiation is given by [10]
dI = dω
√
3
2π
e3B
mµc2
F
(
ω
ωc
)
, F (ξ) ≡ ξ
∫ ∞
ξ
K5/3(ξ)dξ, (26)
where
ωc ≡ 3eB
2mµc
(
ǫ
mµc2
)2
=
3
2
ωBγ
2, (27)
and Kν is the MacDonald function. The value of F (ξ) is shown in Fig.2. Therefore, most of
Figure 2: a graph of F (ξ) cited from [11].
radiation is concentrated around ωc and in the plane of the orbit. We have treated muons as
6
classical particles moving mainly circular orbit. This is accepted well for the case of J-PARC.
The applicability of classical theory is determined [11]
χ ≡ ~ωB
ǫ
(
ǫ
mµc2
)3
≪ 1. (28)
This is easily satisfied in J-PARC case. Also
~ωc ≪ 2mec2 (29)
and, therefore, there is no creation of positron except for µ+ decay.
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